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We shall consider the differential equation 
X” + 24) x’ + b(t) x = 0, 
where a(t) and b(t) are continuous and have constant bounds 
(1) 
a < u(t) < A, /3 < b(t) < B for 0 < t < co 
and the maximum 
(2) 
(2 - p, A2 - /3) < 0. (3) 
And we shall find constants p and v such that if x(t) is a nonzero solution of 
(1) then 
me2@ < x2(t) + (~‘(t))~ < MezYt (4) 
for some positive constants m and M and all t > 0. 
In [I], C. Olech considered this problem for the case (i) u(t) = 0 and /3 > 0 
and in [23 he considered the case (ii) the minimum (a2 - B, A2 - B) < 0. 
The method of these papers is used here. In [3], Olech used a different 
technique to study the case (iii) the minimum (a2 - B, AZ - B) > 0. Our 
problem is a subcase of (ii), but by using different regions than OIech we get 
simpler expressions for p and Y. 
THEOREM 1. Suppose that (1) is ginen and that a(t) and b(r) satisfy (2) and 
(3). Then there exist constants p = F(A, B, 8) and v = F(or, 6, B), where 
F(A, B, 8) = -A + {(B - A2)-liz cot-l[A(B - A2)-1’2] 
+ (j?, - /P)-l’2 cot-l[--A@ - LP)-~‘~]}-’ {log @j@, 
such that (4) holds. 
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PROOF. We first determine a value for p and this only requires A2 - ,!3 < 0 
(which implies A2 - B < 0). Write (1) as the system 
x’ = y, y’ = --b(t) x - 2a(t)y, 
make the transformation x = eotw, y = e% (G constant), and we have 
w’ = -uw + I, 2 = --b(t) w - (24t) + u) z. (5) 
We now look for a value of G such that if (w(t), x(t)) is a nor-zero solution of 
(5), then m < wz(t) + z”(t) for some positive constant m. 
Consider the system of equations 
u’=-o-u++ 
-Bu - (2A + u) v, if (u, v) E r 
= {(u, v): uv > 0, or u = 0 and v # 0} 
v’ zzz 
Let 
-flu - (2A + u) v, if (u, v) E y 
= {(u, a): uv < 0, or u # 0 and v = O}. 
u(t) = exp [(-A - O) t] d-l sin dt, 
v(t) = exp [(-A - u) t][cos dt - ALP1 sin dt], 
(6) 
where d = m), for 0 < t < 7 = d-l cot-l (A/d) (Since we want 
r > 0 we will use (0, Z-) as the range of cot-lx.) and u(t) = B-l12 exp 
[(-A - u) i!][cos S(t - T) + AS-1 sin 8(t - T)], v(t) = (-/3/SB1/2) exp 
[(-A - u) t] sin 8(t - T), where 6 = y/j3 - Ax, for 7 < t < w = 
7 + 6-l cot-I( - A/S). These functions are constructed such that 
(a) (u(O), v(0)) = (0, 1); (b) (u(t), v(t)) E I’ and satisfies (6) for 0 < t < T; 
(c) as t -+ 7--, v(t) - 0 and (u(t), v(t)> + (U(T), v(4); (4 W), v(t)> E Y and 
satisfies (6) for 7 < t < w; and (e) as t -+ W-, u(t) -+ 0. 
Now choose u such that v(t) ---f -1 as t -+ w-. Since sin S(w - T) = 
(S/e), this means 
a=-A+w-llogm) 
= -A + [d-l cot-l(A/A) + S-1 cot-1(--A/8)1-l log 1/<81B). 
Let ra = u2 + va and for (u(t), v(t)) E I’ let B = cot-l (u/v). Then ~~8’ = 
uv’ - vu’ = -(v + Au)2 -u2(B - A2) < 0. In y, use 0 = tan-l(v/u) and 
again 0’ < 0. So (u(t), v(t)) starts at (0, l), rotates around to (0, --I), and by 
the symmetry of (6) will continue around to (0, 1). And for any K > 0, 
@u(t), h(t)) is a similar closed curve passing through (0, K). 
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If p”(t) = zu2(t) + 22(t), (w(t), z(t)) a solution of (5), and (w(t,), z(Q) = 
(u(h), v(h)) E C then 
,J(&) $(t,) = --cm2 + zw - bzw - (2a + 0”) z? 
> --au2 + uv - Buv - (2A + u”) v2 = r(tJ r’(t,). 
(8) 
A similar inequality holds in y (where ’ is the right derivative if v(tO) = 0). 
So for this value of CT, p2(t) > m > 0 for some constant m. 
Replace A by 01 and interchange fl and B in (6), reverse the inequality in (8), 
and assume 01~ - ,f3 < 0. The preceding argument may then be repeated to 
determine a value of (J such that p”(t) < M for some constant M. 
COROLLARY 1. Suppose that (1) is given and that a(t) and b(t) satisfies (2) 
and (3) with a: = A = 0. Then there exist constants 
p = [(log/3 - log B) 1/(8B>]/[n(G + %@)I = -v 
such that (4) is satisfied. 
COROLLARY 2. Suppose that (1) is given and that u(t) and b(t) satisfy (2) 
and (3) with a > 0. Let E = B/a2, E = /?/a2 and f(x) = (x - 1)-1/2 tan--l 
d(x - 1) + l/2 1 og x. Iff(E) -f(c) < V, then the zero solution of (1) is 
asymptotically stable. 
PROOF. Since 0 < cot-l x < r, cot-l (-3) = = - cot-l x and for x > 0, 
cot-l (x-l) = tan-l x. Then 
F(ol, fi, B) = --01 + a{(~ - 1)-lj2 tan-’ 2/(~ - 1) 
+ n - (E - 1)-lj2 tan-l d(E - l)}-l log ~(E,‘E). 
And if F(ol, /3, B) < 0, orf(E) --f(e) < n, the conclusion follows. 
As an example of Corollary 2, if we let 01 = 1, /3 = 2, and B = 4900, then 
the zero solution of (I) is asymptotically stable. 
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